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Abstract 

, We classify unital monomorphisms into certain simple Z-stable C*-algebras up to 

' approximate unitary equivalence. The domain algebra C is allowed to be any unital 

separable commutative C*-algebra, or any unital simple separable nuclear Z-stablc 
i-^ ' C* -algebra satisfying the UCT such that C <£> B is of tracial rank zero for a UHF 

algebra B. The target algebra A is allowed to be any unital simple separable in- 
stable C*-algebra such that A Cgi B has tracial rank zero for a UHF algebra B, or any 
unital simple separable exact iJ-stable C*-algebra whose projections separate traces 
and whose extremal traces are finitely many. 

> 

^ ; 1 Introduction 

o 

Consider unital monomorphisms tp, ip : C — > A from a C*-algebra C to a simple C*-algebra 
A. In this paper we study the problem to determine when ip and ip are approximately 
unitarily equivalent, i.e. when there exists a sequence of unitaries (u n ) n in A such that 
<p(x) = lim n n -0(x)u* holds for any x E C. This problem is known to be closely related to 
the classification problem for the simple C*-algebra A. In the recent progress of Elliott's 
program to classify nuclear C*-algebras via K-theoretic invariants (see [3D] for an intro- 
duction to this subject), the Jiang-Su algebra plays a central role. The Jiang-Su algebra 
Z, which was introduced by X. Jiang and H. Su in [12], is a unital, simple, separable, infi- 
nite dimensional, stably finite and nuclear C*-algebra KK-equivalent to C. A C*-algebra 
A is said to be ^-stable if A ® Z is isomorphic to A. ^-stability implies many nice prop- 
erties from the point of view of classification theory. Among other things, if A is a unital 
separable simple instable C*-algebra, then A is either purely infinite or stably finite. If, 
in addition, A is stably finite, then A must have stable rank one and weakly unperforated 
Kq(A) (see [121 [TJ [31] ). All classes of unital simple infinite dimensional C*-algebras for 
which Elliott's classification conjecture is confirmed consist of instable algebras. It is then 
natural to consider classification of unital monomorphisms from certain C*-algebras into 
simple instable C*-algebras which are not necessarily of real rank zero. In the present pa- 
per we give a positive solution for large classes of unital stably finite C*-algebras (Theorem 
16.61 Corollary 16.81 Theorem 17. ID . 

Classification of homomorphisms from C{X) into a unital simple algebra has a long 
history. The earliest result for this subject is the classical Brown-Douglas-Fillmore theory 
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[3]. They showed that two unital monomorphisms p and ip from C(X) to the Calkin 
algebra B(H) / K{H) are unitarily equivalent if and only if KK(p) = KK(ip). M. Dadarlat 
[1] showed that two monomorphisms from C{X) to a unital simple purely infinite C*- 
algebra are approximately unitarily equivalent if and only if they give the same element in 
KL(C(X),A). In the case that the target algebra A is stably finite, G. Gong and H. Lin 
[8] showed that for a unital simple separable C*-algebra A with real rank zero, stable rank 
one, weakly unperforated Kq(A) and a unique quasitrace r, two unital monomorphisms 
p,ip : C(X) —> A are approximately unitarily equivalent if and only if KL(p) = KL(ip) 
and t o (p = t o ip. H. Lin [17] obtained the same result for the case that the target 
algebra A is of tracial rank zero. P. W. Ng and W. Winter [26J also obtained the same 
result for the case that X is a path connected space and A is a iJ-stable C*-algebra of 
real rank zero. Similar classification up to approximate unitary equivalence is also known 
for more general domain algebras. G. A. Elliott [6] showed that two homomorphisms ip 
and ip between AT algebras of real rank zero are approximately unitarily equivalent if and 
only if Ki(ip) = Ki(tp) for each i = 0, 1. K. E. Nielsen and K. Thomsen |25j obtained the 
analogous result for general AT algebras. H. Lin [17} [20] classified unital homomorphisms 
from AH algebras into simple separable C*-algebras of tracial rank no more than one. 
Classification up to asymptotic unitary equivalence is also studied in [27], [I3j [18] . 

It should be noted that all the target algebras in these results are assumed to have 
many non-trivial projections (and most of them are of real rank zero). Indeed almost 
nothing is known so far when the target algebra does not contain non-trivial projections. 
The present paper gives a first non-trivial general result for this subject. Our target 
algebras consist of two classes C and C The class C is the family of all unital simple 
separable instable C*-algebras A such that A (g) Q has tracial rank zero, where Q denotes 
the universal UHF algebra. The classification theorems in |35l I2T] assert that any nuclear 
C*-algebras A,B G C satisfying the UCT are isomorphic if and only if their X-groups are 
isomorphic as graded ordered groups. The other class C is the family of all unital simple 
separable stably finite ^-stable exact C*-algebras whose extremal traces are finitely many 
and whose projections separate traces. The Jiang-Su algebra Z itself is in C n C and any 
unital simple separable iJ-stable exact C*-algebra with a unique trace is in C . In order to 
extend the target to C*-algebras not necessarily of real rank zero, we need a new invariant 
Qmihi which is a homomorphism from K\{C) to AS (T (A)) /Im Da (Lemma 13. ip . Roughly 
speaking, if A is of real rank zero, then the range of the dimension map Da is uniformly 
dense in Aff(T(A)). Therefore this invariant trivially vanishes. When A is not of real rank 
zero, it is not the case that Ira. Da is dense in Aff(T(A)), and so the homomorphism 8^ 
must be taken into account. 

The paper is organized as follows. In Section 2 we collect preliminary material. The 
most important one is the notion of Bott(p,u). In Section 3 we introduce the homomor- 
phism 0m ^ for a pair of unital monomorphisms (p, ip : C — > A. In Section 4 we give a 
classification theorem of unital monomorphisms from commutative C*-algebras to certain 
unital simple C*-algebras of real rank zero. The results in Section 4 (especially Theorem 
14.5ft partly overlap with those obtained in [17] . But the proof given in [17] is quite lengthy, 
and so we provide a simpler and self-contained proof for the reader's convenience. Section 
5 is devoted to the proof of a version of the so called basic homotopy lemma (see |19j). 
In Section 6 we prove the classification theorem for the case that the domain algebra is 
commutative (Theorem I6.6|) by combining the results obtained in Section 4 and 5. We 
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also extend the classification theorem to the case that the domain is a unital AH algebra 
(Corollary I6.8p . In Section 7 we prove the classification theorem for the case that the 
domain is a nuclear C*-algebra in C satisfying the UCT (Theorem 17. ip . 

Acknowledgement. I would like to thank Huaxin Lin for valuable comments. I also like 
to thank the referee for a number of helpful comments. 

2 Preliminaries 

2.1 Notations 

We let log be the standard branch defined on the complement of the negative real axis. 
For a Lipschitz continuous function /, we denote its Lipschitz constant by Lip(/). We 
denote by K the C*-algebra of all compact operators on £ 2 (Z). The normalized trace on 
M n is written by tr and the unnormalized trace on M n or K is written by Tr. The finite 
cyclic group of order n is written by Z n = "L/nL. 

Let A be a C*-algebra. For a,b £ A, we mean by [a, b] the commutator ab — ba. We 
write a « e b when \\a — b\\ < e. The set of tracial states on A is denoted by T(A) and the 
collection of all continuous bounded affine maps from T(A) to R is denoted by Aff(T(^4)). 
We regard Aff(T(j4)) as a real Banach space with the sup norm. The dimension map 
Da '■ Kq(A) — > Aff(T(^4)) is defined by Da(\p\){t) = r(p). For a unital positive linear map 
ip : A — >■ B between unital C*-algebras, T(ip) : T(B) — > T{A) denotes the affine continuous 
map induced by <p. We say that a C*-algebra A has strict comparison of projections if 
for projections p, q £ A (g> K, (r <g> Tr)(p) < (r (8) Tr)(g) for any r € T(A) implies that p 
is Murray- von Neumann equivalent to a subprojection of q. When if is a homomorphism 
between C*-algebras, Ko(cp) and K\{ip) mean the induced homomorphisms on ET-groups. 

A unital completely positive linear map is called a ucp map for short. A ucp map 
ip : A — > B is said to be (G, <5)-multiplicative if 

\\ip{ab)-v{a)<p{b)\\ <5 

holds for any a, b G G, where G is a subset of A. For two ucp maps if, ip : A — > B, we 
write ip ~g,5 V 7 ! when there exists a unitary u £ B such that 

\\ip(a) — uip(a)u*\\ < S 

holds for any a G G. 

2.2 The entire K- group 

We recall the mod p if -theory introduced by C. Schochet [33]. The i^-group of a C*- 
algebra A with the coefficient module Z n for i = 0, 1, n € N is defined by 

K i (A;Z n ) = K i (A®O n+1 ), 

where O n +i is the Cuntz algebra. For notational convenience, we set ifj(^4;Zo) = Ki{A). 
Although our definition looks different from the original one in [33], it gives an equivalent 
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theory to the conventional one ([33, Theorem 6.4]). The entire -KT-group K(A) of A is 
defined by 

oo 

K{A) = ®{K {A;Z n )®K 1 {A ] Z n )). 

n=0 

For each i = 0, 1 and n £ N, we have the Kiinneth exact sequence 

► K t (A)®-L n > Ki(A;Z n ) > Tor(^(A),Z n ) > 0. 

It is known that this exact sequence splits unnaturally. For C*-algebras A,B, we denote 
by Horn a (K(A),K(B)) the set of all homomorphisms from K(A) to K(B) preserving the 
direct sum decomposition and commuting with natural coefficient transformations and the 
Bockstein operations (see [SHU] for details). M. Dadarlat and T. A. Loring [5] proved the 
following universal multicoefficient theorem. 

Theorem 2.1. Let A be a C* -algebra satisfying the UCT and let B be a o~ -unital C*- 
algebra. Then there exists a short exact sequence 

0^0 Pext(ifi (A) ,#!_;(£)) -> KK(A, B) -> Rom A {K(A),K(B)) -> 0, 
i=0,l 

where Pext(Ki(A) , K\~i(B)) is the subgroup ofFixt(Ki(A), K\_i{B)) consisting of the pure 
extensions. The sequence is natural in each variable. 

Let A and B be C*-algebras. Suppose that A satisfies the UCT and B is u-unital. 
In [301 Section 2.4], the i^L-group KL(A,B) is defined as the quotient of KK(A,B) by 
the image of Pext(i£*(A), K±-*(B)). Thus, by the theorem above, KL(A,B) is identified 
with Hoiiia (K(A),K(B)). Throughout this paper we keep this identification. For a ho- 
momorphism ip : A — > B, we denote by Ki((p;Z n ) the homomorphism from Ki(A;Z n ) to 
Ki(B;7j n ) induced by (p. We set 

KL(ip) = {KifaZn))^ E Rom A (K{A),K(B)). 

If (p : A —7- B and ip : A — >■ I? are approximately unitarily equivalent, then KL{ip) = KL(ip) 
holds (see [30]). For k e KL(A,B) = B.om A (K(A),K(B)) and t = 0,1, we denote its 
Ki-component by G Hom^^), Ki(B)). 



2.3 Almost multiplicative ucp maps 

For a C*-algebra A, we mean by -P(-A) the set of all projections of A. When A is unital, 
we mean by U {A) the set of all unitaries of A. The connected component of the identity 
in U(A) is denoted by U(A)q. Let Uoo(A) be the union of J7(A®M n )'s via the embedding 

17(A ® M n ) 3 u H- fjj °A eU(A®M n+1 ). 

Likewise, we let U oc (A)o denote the union of U(A (g> M„)q's. 
For a unital C*-algebra A, we set 

00 

Ko{A) = P(A ® K) U J P(A 8) O n+ i), 

n=l 
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oo 

K X {A) = U^A) U\JU(A® O n+l ) 

n=l 

and K(A) = tCo(A) U K\{A). Let p : A — > B be a (G, <5)-multiplicative ucp map. For 
p G 1Cq(A), if G is sufficiently large and 5 is sufficiently small, then (p ® id)(p) is close to 
a projection and one can consider its equivalence class in Kq{B; Z n ). We denote this class 
by <p#(p). In a similar fashion, for u G ICi(A), if G is sufficiently large and S is sufficiently 
small, then (p (g) id) (it) is close to a unitary and one can consider its equivalence class 
in Ki(B; r L n ). We denote this class by p#(u). Thus, for any finite subset L C K,(A), 
if (p is a sufficiently multiplicative ucp map, then <p#\L : L — > K_{B) is well-defined. 
In this paper, whenever we write p#(x) or <p#\L, the ucp map (p is always assumed 
to be sufficiently multiplicative so that they are well-defined. When p is sufficiently 
multiplicative, we can verify the following easily: p#(p) = P#(q) for Murray- von Neumann 
equivalent projections p,q G ICq(A), p#(p + q) = P#(p) + p#{q) for orthogonal projections 
p,q G /C (A), <p#(u) = Ofor any u G [7 00 (^) UC/'(A(8)C' n+ i)o and p#{uv) = p#(u)+p#(v) 
for any u,v € ICi(A). Therefore y34t gives rise to a 'partial homomorphism' from K_(A) to 
£(5). 

Next, we would like to recall the notion of Bott((/2, w) introduced in |19j . Let p : A — )■ 
B be a unital homomorphism between unital C*-algebras and let w G -B be a unitary 
satisfying 

||b(a),u,]|| <<J 

for every a G G, where G is a large finite subset of A and 5 > is a small positive real 
number. For a projection p G ^4 (g> C, (k; ® ® id)(p) + ® id) (1 — p) in 1? (g> C is close 
to a unitary, where C is M n or O n +i. We denote the equivalence class of this unitary by 
Bott(v9, w)(p) G K 1 (A(g>C). Next, we would like to introduce Bott (<p,w)(u) G K (A<gi C) 
for a unitary u G A <g> C. To this end we need to recall the notion of Bott elements 
associated with almost commuting unitaries ([19, 2.11]). There exists a universal constant 
8q > such that for any unitaries vi,v 2 in a C*-algebra D satisfying ||[t>i,t>2]|| < <5oj the 
self- adjoint element 

( \ ( 9{v\) + h(vi)v 2 \ ^ m , 

has a spectral gap at 1/2, where f,g,h are certain universal real- valued continuous func- 
tions on T ([22l Section 3]). Then one can consider the -ffo-cl ass 

[ 1 [i/2,oo)(e(n,v 2 ))} - 

and call it the Bott element associated with v\, v 2 . In our setting, for a unitary u G A® C, 
we can consider the Bott element in Kq(A (g) C) corresponding to the almost commuting 
unitaries (p <8 id)(u) and w (g) 1. We denote it by Bott(<^, w)(u) G -Ko(^ (g C). Thus, for a 
finite subset L C /C(j4), when G is large enough and 5 is small enough, then Bott(c^, ui)|L : 
L — > K_{B) is well-defined. In this paper, whenever we write Bott(( / 9, w)\L, G and 5 are 
always assumed to be chosen so that Bott((/?, w)\L is well-defined. In the same way as 
above, we can see that Bott(</?, w) gives rise to a 'partial homomorphism' from l<Q(A(g C) 
to Ki-i(B <g C). 
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2.4 The target algebras 

We denote the Jiang-Su algebra by Z ([12]). When a C*-algebra A satisfies A = A <g> Z, 
we say that A is ^-stable. We let Q denote the universal UHF algebra, that is, Q is the 
UHF algebra satisfying K (Q) = Q. 

We introduce four classes 7~, T', C and C of unital simple separable stably finite 
C*-algebras as follows. 

Definition 2.2. We define T to be the class of all infinite dimensional unital simple 
separable C*-algebras with tracial rank zero. Let T' be the class of infinite dimensional 
unital simple separable exact C*-algebras A with real rank zero, stable rank one, weakly 
unperforated Kq(A) and finitely many extremal tracial states. We let C be the class of 
unital simple separable instable C*-algebras A such that A(8)Q is in T ■ Let C be the class 
of unital simple separable stably finite instable exact C*-algebras A whose projections 
separate traces and whose extremal traces are finitely many. 

Remark 2.3. (1) Any A G T has real rank zero, stable rank one, weakly unperforated 
Kq(A) and strict comparison of projections (see [HI Chapter 3]). 

(2) Exactness of A G T' is assumed only for the purpose of using the fact that any 
quasitrace on an exact C*-algebra is a trace ( [10j ) • By [U Corollary 6.9.2], any 
A G T has strict comparison of projections. 

(3) If A G C, then A B has tracial rank zero for any UHF algebra B by [24} Lemma 
2.4], that is, A ® B belongs to T. 

(4) Let A G C and let B be a UHF algebra. Then A ® B has real rank zero by [21 
Theorem 1.4 (f)] and has stable rank one by |28|. Corollary 6.6] (or [31]). By [291 
Theorem 5.2] (or [7]), Kq(A <S> B) is weakly unperforated. It follows that A <g> B is 
inT'. 

(5) Of course, Z itself is in C n C. 

To continue, we fix a notation. Let A and B be unital stably finite C*-algebras and 
let £ G Rom(K (A),K (B)). We say that £ is unital when £([1]) = [1]. We say that £ 
is positive (resp. strictly positive) when £(Kq(A) + ) C Kq(B) + (resp. ^(Kq(A) + \ {0}) C 
K Q (B) + \ {0}). Assume further that A satisfies the UCT. We denote by KL(A,B) +A the 
set of all n G KL(A, B) such that Kq(k) is unital and strictly positive. 

Lemma 2.4. Let X be a connected compact metrizable space and let B be a unital stably 
finite C* -algebra. For £ G Hom(Ko(C(X)), Kq(B)) the following are equivalent. 

(1) £ is unital and strictly positive. 

(2) £ is unital and positive. 

If Kq(B) is simple and weakly unperforated, then the two conditions above are equivalent 
to the following condition. 

(3) £ is unital and £(Ker Dq^x)) C Ker^D^- 
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Proof. (1)=>(2) is clear. To show (2)=>(1), assume that £ is unital and positive. By [H 
Corollary 6.3.6], Kq(C(X)) is a simple ordered group. Hence for any x G Kq{C{X)) + \{0} 
there exists n G N such that [1] < nx. Then [1] < n£(x) in Kq{A), and so 7^ 0. 

Assume that Kq(B) is simple and weakly unperforated. Let us show (2)=>(3). Take 
x G Ker D C ( X ) and r G T(B). The composition of r and £ is a state on .^(C^X)). By [U 
Corollary 6.10.3 (e)], any state on Kq(C(X)) comes from a trace. Therefore t(£(x)) = 0. 
It remains to show that (3) implies (1). Take x G -Ko(C(X)) + \ {0}. Let p be a state on 
Kq(B). The composition of p and £ is a state on Kq(C(X)). By [IJ Corollary 6.10.3 (e)] 
it comes from a trace on C(X), and so > 0. By [TJ Theorem 6.8.5], Kq{B) has the 

strict ordering from its states. It follows that £(x) is in Kq(B) \ {0}. □ 

We recall the following three theorems from [15\ [26] . 

Theorem 2.5 ( |15| Corollary 4.6]). Let A be a unital simple separable C* -algebra with 
real rank zero, stable rank one and weakly unperforated Kq(A). Then there exist a unital 
simple separable AH algebra B with real rank zero and slow dimension growth and a unital 
homomorphism ip : B — > A which induces a graded ordered isomorphism from K*{B) to 
K*{A). 

Theorem 2.6 ([26, Theorem 0.1]). Let X be a path connected compact metrizable space 
and let A be a unital simple separable exact C* -algebra with real rank zero, stable rank one 
and weakly unperforated K (A). Let k G KL(C(X), A) +a and let A : T(A) ->• T(C{X)) 
be an affine continuous map such that A(t) gives a strictly positive measure on X for any 
t G T(A). Then there exists a unital monomorphism (p : C{X) — > A such that KL{p>) = k 
and T((p) = A. 

Theorem 2.7 ([26, Theorem 0.2]). Let X be a path connected compact metrizable space 
and let A be a unital simple separable exact Z-stable C* -algebra with real rank zero. Let 
(p,ip : C(X) —> A be unital monomorphisms. Then p and ip are approximately unitarily 
equivalent if and only if KL(tp) = KL(ip) and r o ip = r o ip for all r G T(A). 

Remark 2.8. (1) The proof of |26[ Theorem 0.1] uses \15\ Corollary 4.6], and in the 
statement of [151 Corollary 4.6] A is assumed to be nuclear. But the proof given 
there does not use nuclearity, and so we omit it. In the statement of [26, Theorem 
0.2], A is also assumed to be nuclear. But its proof needs only exactness of A. 

(2) The condition (b) of [261 Theorem 0.1] automatically follows from other assumptions, 
because any traces on C(X) induce the same state on Kq(C(X)) ([TJ Corollary 6.10.3 
(a)]) and K (C{X)) has no other states ([1, Corollary 6.10.3 (e)]). 

We give a generalization of Theorem 12.61 for later use. 

Corollary 2.9. Let C = (B™ = ;l p«(C(Xj) <8> M^Pi, where Xi is a path connected compact 
metrizable space and pi G C(Xj) <8> M^. is a projection. Let A be a unital simple separable 
exact C* -algebra with real rank zero, stable rank one and weakly unperforated iTo^)- Let 
k G KL(C, A) +) i and let A : T(A) — > T{C) be an affine continuous map such that A(r) is 
a faithful trace for any r G T(A). Suppose that A(r)(pj) = r(ii"o(' t )([Pi])) holds for any 
t G T(A) and i = 1, 2, . . . ,n. Then there exists a unital monomorphism ip : C — > A such 
that KL{ip) = k and T((p) = A. 
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Proof. It is clear that the case C = C(X) (g) M k follows immediately from Theorem 12. 61 
Let us consider the case C = p(C(X) <g> Mk)p, where X is a path connected compact 
metrizable space. Let m £ N be the rank of p. There exist I £ N and a projection 
q £ C ® Mi C C(X) (g) M^i such that p ® e is a subprojection of g and g is Murray- 
von Neumann equivalent to ^c(x) ® r > where e £ is a minimal projection of M/ and 
r £ Mki is a projection of rank k. We can find a projection g £ A (g) Mi such that 
K (K)([q}) = [q\. Set C = q{C ® M t )q ^ C{X) <g> M k and A = q(A <g> M{)q. For any 
tracial state r £ T(A), mk~ l (T (g) Tr) gives a tracial state on Aq, and this correspondence 
induces a homeomorphism between T(^4) and T{Aq). Likewise there exists a natural 
homeomorphism between T{C) and T{Cq). The identifications 

«X(C,A) +>1 ^KL(C ,A))+,i, T(A)^T(A ) and T(C) ^ T(C ) 

allow us to regard k as an element of KL{Cq, Aq) + ^ and A as an affine continuous map 
from T{Aq) to T{Cq). Therefore the previous case shows that there exists <p : Co — > Aq 
realizing k and A. From [tp(p ® e)] = Kq(k)(\p (g> e]) = [1^ ® e], there exists a unitary 
-u £ A® Mi such that mp(p® e)u* = 1a <8> e. The restriction of Aduo to (p (8) e)Co(p(g> e) 
gives a desired unital monomorphism from C to A 

We now turn to the general case. Let C = (B™ =x Pi(C(Xi) <g M^pi, k and A be as 
in the statement. Let 7» : pi{C(X{) (g Mkjpi — > C be the canonical embedding. Choose 
projections p~i,P2, ■ ■ ■ ,p n £ A so that i^"o(^)(b«]) = \Pi] an d V\ +P~2 + • • • = 1- For each 
i = 1, 2, . . . , n, k o KL(^i) is regarded as an element of KL(piC,piApi) +t i. For r G 
the restriction of t/t(pi) to p%Api is a tracial state. Similarly the restriction of A(r)/r(pj) 
to pjC is also a tracial state, because A(r)(pj) = t(-Ko(k)([Pi])) = T (Pi)- ^ is not so hard 
to check that 

Xi : T/T{pi) h-> A(r)/r(pi) 

gives rise to an affine continuous map from T{piApi) to T(piC). We have already shown 
that k o KL{^i) and A, are realized by a unital monomorphism </?j : piC — > PiApi. Then 
ip = <pi + <f 2 + • • • + is a unital monomorphism from C to ^4 satisfying KL(ip) = k and 
T(y>) = A. □ 

3 Determinants of unitaries 

In this section, we would like to introduce a homomorphism 

8^ : K X (C) -> Aff(T(^))/Im^, 

which plays an important role in the main theorems of this paper (Theorem 16.61 Corollary 
MM Theorem EH). 

Let A be a unital C*-algebra. For r £ T(A), the de la Harpe-Skandalis determinant 
(pTJ) associated with r is written by 

A r : U^Ah -> R/Z) A (lfo(A))(r). 

It is well-known that A^(u)(t) = A T (u) gives a homomorphism 

A A : UooWq -> Aff(T(A))/ImZ> A . 
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Let C, A be unital C*-algebras and let ip, ip : C — > A be unital homomorphisms satisfying 
K\{ip) = Ki(tfj) and T(<p) = T(ip). In what follows, we use the same notation tp,ip for 
the homomorphisms from C (8> M n to A® M n induced by <p, ip. For u G Uoo(C), we can 
consider Aa(^(u*)iP(u)), as <p(u*)ip(u) belongs to U oc (A)q. 

Lemma 3.1. In the setting above, we have the following. 

(1) There exists a homomorphism 

9^ : K ± (C) -> AS(T(A))/lmD A 
such that &tp,iji([u]) = Aa(lp(u*)iP(u)) for any u G U^iC). 

(2) For any w G U{A), Q^xdwo^ = ©^,v- 



(3) If ip and ip are approximately unitarily equivalent, then Im ©^ C Im Da ■ 

(4) // C satisfies the UCT and KL(<p) equals KL(ip), then the homomorphism 
factors through i^ 1 (C)/Tor(K 1 (C)). 

Proof. (1) We first show that Aa(<p(u*)iP(u)) equals Aa(v(v*)iP(v)) when u, v G U 00(C) 
satisfy uv* G C/ 00 (C)o. We can find n G N and piecewise smooth paths of unitaries 
x : [0, 1] ->• U(A ® M n ), y : [0, 1] ->• <g> M n ) and z : [0, 1] ->• £/(C M n ) such that 
x(0) = </ 3 ( li )) = V'Mj 2/(0) = i p( v )i 2/(1) = V'C") an d ^(0) = u, 2(1) = v. Define 
h : [0, 1] -»• ?7(A M n ) by 



/i(t) 



x(4t) 1 < t < 1/4 

^(«(4t-l)) l/4<t<l/2 

y(3-4t) l/2<t<3/4 

p(z(4 - 4t)) 3/4 < t < 1. 



Since /i is a closed path of unitaries, one has 



^= j\r ® Tr)(h(t)h(t)*) dt G D A (K (A))(r) 



for any r G T(A). It is easy to see that the contribution from t i-> ijj(z(At — 1)) and 
i i->- y?(z(4 — 4i)) cancels out, because of T(ip) = T(ip). It follows that 



2vr 



^= Qf V Tr)(x(t)x(t)*) dt - j\r ® Tr)(y(t)y(t)*) G £» A (K (A))(r) 



for any r G which implies Aa(^(u*)iP(u)) = A^(y}(w*)-(/;(f ))• It follows that : 

-> Afffr^J/ImDA is well-defined as a map by @^(M) = A A (<p(u*)ip(u)) 'for 
any u G U 00(C). 

For any u,v £ Uoo(C), diag(uv, 1) is homotopic to diag(u, v), and so 

A y i(diag(^(u7;)*V'(u7;), 1)) = A A (diag('p(u)*ip(u), <p(v)*ip(v))) 

= A A (^(u*)ip(u)) + A A (<p(v*)^(v)). 
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Hence we can conclude that is a homomorphism. 

(2) can be shown in a similar fashion to the proof of (ii)=^(i) of |X3|, Theorem 3.1]. We 
leave the details to the reader. 

(3) follows from (1) and (2). 

(4) Let 

= {/ G C([0,l],A) | /(0) = <p(c), f(l) = i>(c) for some c G C] 

be the mapping torus of <p, ip : C — )■ A. Since Ki(ip) = Kify) for i = 0, 1, from the short 
exact sequence 

> SA ► M Vt ^ C ► 

of C*-algebras, we obtain the following short exact sequence of abelian groups: 

► K (A) > K X {M^) -^H K^C) ► 0. 

By KL(ip) = KL(ip), this exact sequence is pure (see Theorem 12. ip . Thus, the quotient 
map Ki(tt) has a right inverse on any finitely generated subgroup of K\{C). Let : 
Ki(M Vt1 p) — > Aff(T(A)) be the rotation map introduced in [19, Section 2] (see also [13, 
Section 1]). It is easy to verify that 

Rip,ip(x) + lmD A = Q v ^(K 1 (tt)(x)) 

holds for every x G Ki(M tp ^). Therefore 9^,^ kills torsion of Ki(A), because AS(T(A)) 
is torsion free. In other words, 6^ factors through K\(C) / 'Tor(iTi(C)). □ 

4 C*-algebras of real rank zero 

In this section we give a classification result of unital monomorphisms from C{X) to a 
C*-algebra in T U T' (Theorem 14. 8p . We begin with the following lemma, which is a 
variant of [H Lemma 2.2]. A similar argument is also found in |14} Lemma 6.2.7]. 

Lemma 4.1. Let X be a compact metrizable space. For any finite subset F C C(X) and 
e > 0, there exist a finite subset G C C(X) and 5 > such that the following hold. Let <p 
and ip be (G, 5) -multiplicative ucp maps from C(X) to M n such that 

|tr(^(/))-tr^(/))|<J V/GG. 

Then there exist a projection p G M n , (F,e) -multiplicative ucp maps <p',ip' ■ C(X) —> 
pM n p and a unital homomorphism a : C{X) — > (l—p)M n (l—p) such that tp ~_p j£ ip' © a, 
"0 ~F,e ip' © a and tr(p) < e. 

Proof. Suppose that we are given a finite subset F C C(X) and e > 0. We may assume 
that elements of F are of norm one. The proof is by contradiction. If the lemma was false, 
then we would have a sequence of pairs of ucp maps p n and ip n from C(X) to M nin such 
that 

Wfn(fg) - Pn(f)Pn(g)\\ -> o, \\ip n (fg) - ^n(f)^n(g)\\ -> o 

and 

|tr(^(/))-tr(^n(/))|^0 
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as n — > oo for any /, g G C(X), and the conclusion of the lemma does not hold for any 
ip n ,ipn- Let w G /3N \ N be a free ultrafilter on N. Define 

0M mn = {(a n ) n G []M mn | Um||a„|| = o} . 

We set A = \\M rrln / ® w M mn and let 7r : r] M mn — > A be the quotient map. Define 
ucp maps ip and ^ from C{X) toJI^W by <p(f) = (f n (f))n and tp(f) = (Y> n (/))n for 
/ G CpO- Clearly it o ip and it o ^ are unital homomorphisms from C(X) to A. One can 
define a tracial state r G T(A) by 

T(vr((a n )„)) = lim tr(a n ) 

for (a n ) n G n M mn . Then we have ro7ro^ = ro7ro^. Let p, be the probability measure 
on X corresponding to T07ro^ = rofO!/). 

Any x £ X has an open neighborhood U x such that n{U x \U x ) = and |/(y) — f(y')\ < 
e/3 for any G ?7 X and / G F. (Such U x exists by the following reason. Let d(-, •) be 
a metric compatible with the topology of X and let C r = {y G X \ d(x,y)=r} for r > 0. 
There exist only countably many r such that n{C r ) > 0, because \x is a probability measure. 
Hence it is easy to find r > so that n(C r ) = and \f{x) — f(y)\ < e/6 for any y G X with 
d(x, y) < r and / G F. Then [Z^ = {y G X | d(x, y) < r} meets the requirement.) Since X 
is compact, we can find x±,X2, ■ ■ ■ ,Xk G X such that U X1 U • • • U U Xk = X. Consider open 
subsets of the form W = V\ D V2 H ■ ■ ■ D satisfying fi(W) > 0, where Vj is either U Xi or 
X \ U Xi . Let W\,W2, . . . ,Wi be these open subsets. Evidently Wj's are pairwise disjoint. 
Then we have 

n{x \ (Wi U W 2 U • • • U Wj)) = 

and \f(y) — f(y')\ < e/3 for any y,y' G Wj and / G F. Choose Z{ G Wj for each 
i = 1,2, ... ,/. The C*-algebra n^m„ has real rank zero and so does A. Accordingly, 
the hereditary subalgebra of A generated by ir(ip(Co(Wi))) contains an approximate unit 
consisting of projections. It follows that there exists a projection 

Pi G 7r(^(Co(Wj)))A7r(^(C (Wj))) 

satisfying r(pj) > //(Wj) — e/Z. It is easy to see that \\ir{(p{f))pi — f(zi)pi\\ < e/3 holds 
for any / G F. Extend it o <~p to a unital homomorphism from C(X)** to A** and define 
pi = ir((p(lwi))- Then pi commutes with n(<p(C(X))) and p, t < pi. Similarly one can 
find projections % in the hereditary subalgebra generated by ir(ip(Co(Wi))) and </j in 
A** n 7r(V'(C(X))) / satisfying analogous properties. 

It is not so hard to find projections p\ < Pi, q\ < % and a unitary m 6 i such that 
p\ = uq'jU* and 

l"(Pi) = T Wi) = ™n{T{pi),T( qi )} 

for any i = 1,2, ... ,1. Set p = 1 - (pi + p 2 + ■ ■ ■ +p{) and g = 1 - (g£ + q' 2 + ■ ■ ■ + q[). We 
have ^ ^ 

r(p) = 1 - £ r(pj) < 1 - ][>(Wi) - e/0 = e. 

i=i i=i 
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Moreover, 



(1 -p)7T(£(/)) = £>^(/)) = £>^7T(£(/)) = 

i=l i=l i=l 



i=l t=l 

holds for any f £ F. Similarly one has ||(1 — g)vr(^(/)) — X^!=i < e /3 for any 
/ G F. It is well-known that the projections p[, p in A lift to projections {p' in )n, {Pn)n 
in J} M mn satisfying p n + P\ n + ■ ■ ■ + p[ n = 1- Similarly the unitary u £ A lifts to a 
unitary (u n ) n G J} M mn . Define ucp maps if' n ,ip' n ■ C(X) — > p n M mn p n and a unital 
homomorphism a n : C(X) -> (l-p n )M ?7ln (l-p n ) by 

tf'nif) = Pn<Pn(f)Pn, V4(/) = PnU n 1pn(f)u* n p n and <7 n (/) = ^ /(^)Pi, n - 

i=l 

It follows that there exists n G N such that ^ and ?/4 are 2e/3)-multiplicative, ip n ~_f >£ 
f' n ® cr n and V'n ~F,e V4 © °~n- This contradicts the assumption, and so the proof is 
completed. □ 

We can prove the following lemma in the same way as above. 

Lemma 4.2. Let X be a compact metrizable space. For any finite subset F C C(X), 
e > and m G N, there exist a finite subset G C C(X) and 5 > such that the following 
hold. Let A G T' be a C* -algebra with at most m extremal tracial states. Let ip and if) be 
(G, 5) -multiplicative ucp maps from C(X) to A such that 

\rW)) ~ < 5 V/ G G, r G T(A). 

Then there exist a projection p G A, (F, e) -multiplicative ucp maps <f',ip' : C(X) — > pAp 
and a unital homomorphism a : C{X) — > (1— p)A(l— p) with finite dimensional range such 
that f> ~i? e iff @ a, ip ~f,e ifi' © o and r(p) < e for any r G T(A). 

Proof. Suppose that we are given a finite subset F C C(X), e > and m G N. We may 
assume that elements of F are of norm one. The proof is by contradiction. If the lemma 
was false, then we would have a sequence of C*-algebras (A n ) n in T' and a sequence of 
pairs of ucp maps <p n and ijj n from C{X) to A n as in the proof of Lemma 14.11 Define 
if, ip, B = Y^An/^^An and n : 5 in the same way. For each n, choose 

extremal tracial states ri >n , t 2j „, . . . , r m>n G T(A n ) so that {t\, 

,nj 7~2,n> • • • ) T m ,n} exhausts 
all the extremal traces on A n . For each j = 1, 2, . . . , m, one can define 7",-^ G T(B) by 

7"j>(7r((On)n)) = lim ^>(o 



n 7 

n— >u) " 



We obtain a probability measure fj,j on X corresponding to Tj )Ui o ir o <f = o it o ip. In 
the same way as in Lemma 14.11 we can find pairwise disjoint open subsets W%, W2, ■ ■ ■ ,Wi 
of X such that 

max^(Wi) > V* = 1,2, . . . ,1, max nj(X \ (Wi U W 2 U • • • U Wj)) = 
i j 



12 



and \f(y) — f(y')\ < e/3 for any y,y' G Wj and f £ F. Choose Zi £ W% for each 
i = 1,2,... ,1. In the same way as in Lemma 14.11 we also get a family of mutually 
orthogonal non-zero projections pi,P2, ■ ■ ■ ,Pi in B such that Tj jLU (pi) > fij(Wi) — e/2l and 
\\n(<p(f))pi — f(zi)pi\\ < e/3 for all / G F. Similarly one can find mutually orthogonal 
non-zero projections qi, qi, ■ ■ ■ , qi in B for ip. It is well-known that the projections pi 
(resp. qi) lift to mutually orthogonal projections (pi, n )n (resp. (qi. n )n) in II Then 
there exists N G u such that 

Pi, n 0, / 0, T jt n(p i>n ) > (ij(Wi) - e/2l, Tj ;n {qi in ) > Hj(Wi) - e/2l 

holds for every i = 1,2, ... ,1, j = 1,2, ... ,m and n G iV. For each n G N, the image of 
Da„ is dense in A&(T(A n )) by [H Theorem 6.9.3]. It follows that for each n G N and 
i = 1, 2, . . . , / there exist projections rj ira G A n such that 

/^"(Wi) - e/2l < T j>n (r i>n ) < mhi{Tj !n {pi >n ),Tj tn (qi !n )} Vj = 1,2,... , m. 

Besides A n satisfies strict comparison of projections (see Remark 12.31 (2)). Therefore, for 
n G N, we can find projections p' in < pi^ n , q' in < qi <n and a unitary u n G A n such that 
T j,n(Pi, J > / i i( W ^) ~ £ / 2/ and Pi,n = u «^,„<- For n(£ N, set n = q' i n = and « n = 1. 
Let p\,q[,u G B be the image of (p^Jn, (g^Jn and (n„) n by 7r. Then we have p- < p iy 
Qi ^ Pi = ^i'W* an d Tj^p'j) > fij(Wi) — e/l. The rest of the proof is exactly the same 
as Lemma 14.11 □ 

We can show the same statement for the case that the target algebra is of tracial rank 
zero. 

Lemma 4.3. Let X be a compact metrizable space. For any finite subset F C C{X) and 
e > 0, there exist a finite subset G C C{X) and 5 > such that the following hold. Let 
A G T and let ip and ip be (G, 5) -multiplicative ucp maps from C(X) to A such that 

|r(p(/)) - r(V(/))| < 5 V/ G G, r G T(A). 

Then there exist a projection p G A, (F, e) -multiplicative ucp maps <p',ip' ■ C(X) — > pAp 
and a unital homomorphism o : C{X) — > {l—p)A{l—p) with finite dimensional range such 
that if ~f,e V 9 ' © °~; ip ~-F,e V 7 ' © °~ an d T (p) < e f or an V T £ T{A). 

Proof. Suppose that we are given a finite subset F C C(X) and e > 0. Applying Lemma 
14.11 for F and e, we obtain G C C(X) and 5 > 0. Let A be a unital simple separable 
C*-algebra with tracial rank zero and let ip and if) be (G, <5)-multiplicative ucp maps from 
C(X) to A such that 

\r(<p(f))- r(rP(f))\ <5 

for any / G G and r G T(A). Since A has tracial rank zero, there exist a sequence of 
projections e n G A, a sequence of finite dimensional subalgebras B n of A with 1 g n — e n 
and a sequence of ucp maps 7r n : A — > B n such that the following hold. 

• || [a, e n ] || — 7- as n — > oo for any a £ A. 

• \\7r n (a) — e n ae n \\ — > as n — > oo for any a £ A. 



13 



• r(l — e n ) — > as n — > oo uniformly on T(A). 

It is easy to see that n n oip and TT n oip are (G, 5)-multiplicative for sufficiently large n G N. 
We would like to show that 

|r(7r„( V (/)))-r(7r„(^(/)))| <5 

holds for every / G G, r G T(B n ) and sufficiently large n G N. To this end, we assume 
that there exist r n G T(B n ) such that 

max|T n (7r n (>(/))) - r n (vr n (^(/)))| > 5. 

Let r G A* be an accumulation point of r n o ir n . Clearly r is a tracial state of A and 

|t(<£>(/)) — t(i/>(/))| > (5 for some / G G, which is a contradiction. 

Hence, Lemma 14.11 implies that, for sufficiently large n G N, there exist a projection 
£ -Bn) (F, ^-multiplicative ucp maps (p' n ,ip' n : C(X) — > p n B n p n and a unital homomor- 

phism cr n : G(X) -)■ (e n -p n ) J B n (e n -p n ) such that 

7T n o ~ Fi£ © vr n o -0 ~ Fj£ ^ a n 

and T(p n ) < e for any r G T(B n ). Therefore the proof is completed. □ 

The following is taken from [9l Theorem 3.1]. We remark that its origin is found in [3]. 

Theorem 4.4 ([9, Theorem 3.1]). Let X be a compact metrizable space. For any finite 
subset F C C(X) and e > 0, there exist a finite subset G C C(X), 5 > 0, I G N and a 
finite subset L C JC{C{X)) satisfying the following: For any unital C* -algebra A with real 
rank zero, stable rank one and weakly unperforated Kq(A) and any (G, 8) -multiplicative 
ucp maps ip,ifi : C(X) — > A satisfying (p#\L = ip#\L, there exist a unitary u G Mi + \{A) 
and {xi, X2, • • • , x{\ C X such that 

\\udmg((p(f), /(zi), /(x 2 ), . . • , f(xi))u* - diag(V>(/), /Oi), f(x 2 ), • • • , /(a?i))|| < e 

for any f G F. 

The following theorem is a variant of [17, Theorem 4.6]. 

Theorem 4.5. Let X be a compact metrizable space, let F C C(X) be a finite subset 
and let e > 0. Then there exist a finite subset L C JC{C{X)) and a family of mutually 
orthogonal positive elements h\, h,2, ■ ■ ■ , hf. G C(X) of norm one such that the following 
holds. For any v > 0, one can find a finite subset G C C(X) and 5 > satisfying the 
following. For any A G T and any (G, 5) -multiplicative ucp maps tp,ip : C(X) — > A such 
that (f#\L = ip#\L, 

T(p(hi)) >v Vr G T(A), i=l, 2,...,k 

and 

\r(<p(f)) - r(^(/))| < 6 Vr G T(A), f G G, 
there exists a unitary u G A such that 

\\wp(f)u*-ij>(f)\\<e 

holds for any f G F. 
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Proof. We say that a subset Y C X is (F, e)-dense if for any x £ X there exists y £ Y 
such that — f(y)\ < £ for every / G F. Choose an (F, e/7)-dense finite subset 

{yij 2/2, • • • , yk} C X. For each i = 1,2, choose an open neighborhood U{ of yi 

so that x £ Ui implies \f(x) — f{yi)\ < e/7 for any f £ F and that U\, U 2 , ■ ■ ■ , Up, are 
mutually disjoint. Choose a positive function hi £ Cq{Ui) of norm one. By applying 
Theorem 14.41 to F and e/7, we obtain a finite subset G\ C C(X), 5% > 0, Z £ N and a 
finite subset L C /C(G(X)). There exist a finite subset G2 C C(X) and (52 > such that 
the following holds: For any unital G*-algebra A and any (G 2 , ^-multiplicative ucp maps 
ip, if) : G(X) -> A, if - V(/)|| < S 2 for every / £ G 2 , then <p # |Z, = ^ # \L. Suppose 

that v > is given. Let 

G 3 = F U Gi U G 2 U {/ii, /» 2 , • • • , h k } 

and 

<5 3 = mm{e/7,5 1 ,8 2 ,u/(l+2)}. 

By applying Lemma 14.31 to G3 and £3, we obtain a finite subset G C C(X) and 5 > 0. 

Suppose that A is a unital simple separable G*-algebra A with tracial rank zero and 
that <p,tp : C(X) — > A are (G, <5)-multiplicative ucp maps satisfying (p#\L = ip#\L, 

r(<p(hi)) >v Vr £ T(A), i=l, 2,...,k 

and 

\r(p(f)) - r(i/>(f))\ < 5 Vr G / £ G. 

By lemma 1131 there exist a projection p £ A, (G3, ^-multiplicative ucp maps <//,V' : 
C(X) —7- p^4p, a unital homomorphism a : G(X) — > (l—p)A(l—p) with finite dimensional 
range such that ip ~g 3 ,5 3 <p' ® o~, ij) ~g 3 ,<5 3 V 1 ' © a an d r(p) < (53 for any r G Since 
G2 is contained in G3 and b 2 is not greater than £3, by the choice of G2 and 5 2 , we obtain 
{if' © o-)#\L = (ip' © a)#\L, and hence p'^\L = ipjAL. Besides, tp 1 and ifi' are (G\,5i)- 
multiplicative, because G\ is contained in G3 and (5i is not greater than 63. By Theorem 
14.41 there exist a unitary u £ Mi + \(pAp) and {x%, x 2 , . . . , xi} C X such that 

||ndiag(^(/), f(xi),f(x 2 ), . . . , f( Xl ))u* - diag^'C/), f( Xl ), f(x 2 ), . . . , < e/7 

for any f £ F. In what follows, for a positive linear functional p on C(X), we let /i p 
denote the corresponding measure on X. For any r £ T(A) and i = 1, 2, . . . , k, one has 

AW(£4) > r(a(hi)) > r((p(hi)) - r(<f/(hi)) - S 3 > v - 25 3 > IS 3 . 

It follows that there exists a unital homomorphism a' : C(X) — > (1— p)A(l— p) with finite 
dimensional range such that 

K/)-a'(/)||< £ /7 

for any f £ F and /x TOCT ' ({yi}) > ^3 for any r G T(A) and i = 1, 2, . . . , k. Since 
{yii 2/2) • • • j yk} is (F, e/7)-dense, we can find a unital homomorphism a" : G(X) — > 
(1— p)A(l— p) with finite dimensional range such that 

\W'(f)-a"(f)\\<e/7 
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for any / G F and lJ> TO a"({xj}) > ^3 f° r an Y T G ^(^4) and j = 1, 2, . . . , I. Then it is not 
so hard to see tp' © cr" ~F,e/7 ^' © Consequently we have 

<P ~F,s/7 V' @<T ~F,e/7 ¥>' © <*' ~F,e/7 © °" 

~F,e/7 V>' © ~F,e/7 ^' © ~F,e/7 ^' © °" ~F, £ /7 V>- 

□ 

In the same fashion as above, one can prove the following by using Lemma 14 . 21 instead 
of Lemma l4~3l (see also [HI Corollary 2.17]). 

Theorem 4.6. Let X be a compact metrizable space, let F C C(X) be a finite subset and 
let e > 0, m G N. Then there exist a finite subset L C !C(C(X)) and a family of mutually 
orthogonal positive elements hi, h,2, ■ ■ ■ , G C(X) of norm one such that the following 
holds. For any v > 0, one can find a finite subset G C C(X) and 5 > satisfying the 
following. Let A £ T' be a C* -algebra with at most m extremal tracial states. For any 
(G, 5) -multiplicative ucp maps ip,ij) : C(X) — > A such that <p#\L = i(j#\L, 

r(<p(hi)) >v Vr G T(A), i=l, 2,...,k 

and 

\r( V (f)) - r(^(/))| < 5 Vr G T(A), f G G, 
there exists a unitary u G A such that 

|M/K -</>(/) || <e 

holds for any f G F. 

By using the theorems above, we obtain the following generalization of |17l Theorem 
3.3]. 

Theorem 4.7. Let X be a compact metrizable space and let A G TUT'. Let <p : C(X) — > A 
be a unital monomorphism. Then for any finite subset F C C(X) and e > 0, there exist 
a finite subset L C JC(C(X)), a finite subset G C C(X) and 5 > such that the following 
hold. If ip : C{X) — )■ A is a (G, 5) -multiplicative ucp map satisfying <p#\L = ip#\L and 

\r(<p(f))-rm))\<6 

for any r G T(A) and f G G, then there exists a unitary u G A such that 

\\ U( p(f)u*-^(f)\\<E 

holds for any f G F. 

Proof. Applying Theorem l4.5l or Theorem l4.6l we obtain a finite subset L C fC(C(X)) and 
positive elements hi, h%, . . . , h}~ G C(X) of norm one. Since A is simple and <p is injective, 

v = min{r(v?(/ii)) I r G T(A), i = 1, 2, . . . , k} 

is positive. Using Theorem 14.51 or Theorem 14.61 for v, we find a finite subset G C C(X) 
and 5 > 0. It is clear that G and 5 meet the requirement. □ 
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The following is an immediate consequence of the theorem above. 

Theorem 4.8. Let X be a compact metrizable space and let A G 7TJT"'. Let (p,ip : C{X) — > 
A be unital monomorphisms. Then ip and ip are approximately unitarily equivalent if and 
only if KL{p>) = KL{ip) and r o p = t o ip for all r G T(A). 

Corollary 4.9. Let C be a unital AH algebra and let A G T U T' ■ Let ip,ip : C — » A be 
unital monomorphisms. Then ip and ip are approximately unitarily equivalent if and only 
if KL{p) = KL{ip) and r o <p = r o ip for all r G T(A) . 

Proof. Although the proof is essentially the same as [17\ Corollary 4.8], we present it for 
completeness. Without loss of generality, we may assume C = p(C(X) ® M^)p, where 
X is a compact metrizable space and p G C(X) <g> Mj. is a non-zero projection. We may 
further assume that the rank of p{x) G is strictly positive for every x E X. 

We first consider the case p = 1 G C(X) ® Mf.. It is easy to see that there exists 
a unitary u G A such that p(l ® a) = uip(l ® a)u* holds for any a G Mfc. Let e be a 
minimal projection of M^. Then <p'(f) = <p(f <8> e) and ip'(f) = u ^{f ® e ) u * are unital 
monomorphisms from C{X) to (p(e)A(p(e). By Theorem 14.81 they are approximately 
unitarily equivalent. Hence p and ip are approximately unitarily equivalent. 

Let us consider the general case. There exist I G N and a projection q G C (8) M\ C 
C{X)®Mki such that p®e is a subprojection of q and g is Murray-von Neumann equivalent 
to lc(X) ® r 5 where e G M[ is a minimal projection of M/ and r G M^i is a projection of 
rank k. By the argument above, the restrictions of tp®idM t and ip0idM t to q(C (3 M{)q are 
approximately unitarily equivalent. It follows that their restrictions to {p® e){C ® Mi){p® 
e) = C are also approximately unitarily equivalent, which completes the proof. □ 

In Section6 we will generalize the results above to the case that the target algebra A 
belongs to C U C 

5 Homotopy of unitaries 

In this section, we prove the so called basic homotopy lemma for A in TUT' (Theorem l5.3l 
and Theorem 15. 4p . The basic idea of the proof is similar to that of |19[ Theorem 8.1], but 
there are two main differences. One is the use of Theorem 12.61 which claims the existence 
of a unital monomorphism p : C(X) -4 A realizing the given k G KL(C(X), and 
A : T(A) -)• T(C(X)). The other point is that we allow G C C(X) and 5 > in Theorem 
15.31 to depend on the given homomorphism ip : C(X) — > A. Although, as shown in [19] . it 
is possible to state the theorem in a more general form, we do not pursue this here because 
the actual application discussed in Section 6 does not need that general form. These two 
points enable us to simplify the proof given in |19j . 

We let T denote the unit circle in the complex plane and let z G C(T) be the identity 
function z(exp(7T\/— It)) = exp(7T\/— It). The following is a variant of \19\ Lemma 6.4]. 

Lemma 5.1. Let X be a compact metrizable space and let A G T U T' . For any finite 
subsets F C C(X), F C C(X x T) and e > 0, there exist a finite subset G C C(X) 
and 5 > such that the following hold. For any k G N, any unital monomorphism 
p : C(X) —7- A and a unitary u G A satisfying \\[p(f),u]\\ < 5 for any f G G, there exist a 
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path of unitaries w : [0, 1] — > A and an (F ', e) -multiplicative ucp map ip : C(X xT)->i 
such that 

\\w(0) - u\\ < e, \\w(l) - ip(l ® z)\\ < e, Lip(w)<n, 
\Mf),w(t)]\\<e, <e 
hold for any f E F and t £ [0, 1], and 

|r(^(/®^))|<e||/|| 
holds for any r £ T(A), f G C(X) and jGZ luii/i 1 < \j\ < k. 

Proof. Without loss of generality, we may assume that all the elements of F are of norm 
one. Applying Lemma 14.21 or Lemma 14.31 to 

Gx = F U {/ ® 1 | / G F} U {1 ® z} C CpT x T) 

and <5i = min{e/8, e 2 }, we obtain a finite subset G*2 C C(X x T) and 82 > 0. We may 
assume that G2 contains G\ and that 82 is less than 8\. Clearly there exist a finite 
subset G C C{X) and <5 > such that the following holds: If (p : C(X) — > A is a unital 
monomorphism and u 6 yl is a unitary satisfying || [<£>(/), it] || < 5 for any f £ G, then one 
can find a (G2 , (^-multiplicative ucp map ipo : C(X x T) — > A such that 

\\<Po(l ® z) - n|| < <y 2 , ||^ (/ ® 1) - V(/)|| < <^2 

for every / 6 Gi- 

Suppose that we are given k £ N, a unital monomorphism : C(X) —> A and a unitary 
u £ A satisfying || [<£>(/), it] || < 8 for every f £ G. We find 990 : C(X x T) — > A as above. By 
using Lemma 14.21 or Lemma 14.3} there exist a projection p £ A, a (G±, <5i )-multiplicative 
ucp map </3q : C(X x T) — >• pAp and a unital homomorphism a : C(X x T) — > (l—p)A(l—p) 
with finite dimensional range such that 

lbo(/)-(^o©^)(/)ll<^i V/GGi 

and r(p) < 5i for any r G ^(^4). We may further assume that there exists a unitary 
u' £ pAp such that \\u' — (p' (l ® z)|| < 8\. Since cr has finite dimensional range, one can 
find x±,X2, ■ ■ ■ ,xi £ X, yi,y2, ■ ■ ■ ,Ul £T and projections Pi,P2, ■ ■ ■ ,Pl £ A such that 

1 1 
^Pi = l-P, a{f ® a) = ^2f(xi)g(yi)pi 

i=l i=l 

holds for any / £ C{X) and g £ C(T). By replacing each pj with its subprojection if 
necessary, we may assume that D^dpi]) belongs to klm(DA), because IiqDa is dense in 
A&(T(A)). Choose projections qij for i = 1, 2, . . . , I and j = 1, 2, . . . , k so that 

XN^' =K ' = ^a(N) Vj = 1,2,... ,/c. 
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Define a homomorphism a' : C(X x T) — > (1— p)A(l— p) with finite dimensional range by 

I k 

i=l j=i 

where ( = exp(2ir\/^l/k). Define a ucp map ip : C(X x T) — > A by V = ® °' ■ ^ ^ s 
clear that ip is (Gi, 5i)-multiplicative, and hence is (F, e)-multiplicative. Moreover, one 
has 

^(/ © 1) = <// (/ © 1) © </(/ © 1) = y/ (/ 1)© a(/ © 1) ~ 5l ^o(/ © 1) ~ 5a </>(/) 
for any / G F. For any r G T(^4), / G C(X) and jgZ with 1 < |j| < /c, it is easy to see 

|r W © **))| < |r(^(/ © J))\+\r(Af ® 
= |r(^(/®^))| 
<[|/[|r(p)V»< e ||/||. 

We construct a path of unitaries w : [0, 1] — > A. By the definition of a', we can find a path 
of unitaries v : [0, 1] — > (l—p)A(l—p) such that 

w (0) = cr(l®z), v(l) = a'(l®z), Lip(v) < vr 

and = for any i, j and t G [0, 1]. Define w : [0, 1] -> [/(A) by = u' © v(t). 

Evidently we have 

w(0) = u' © cr(l © z) w ai <p' (l © z) © cr(l © z) m Sl <p (l © z) « 5a u, 

w(l) = u' © cr'(l © z) w 5l <^(1 © z) © cr'(l © z) = ^(1 © z). 

and Lip(u>) < 7r. Besides, for any / G F and i G [0, 1], one can verify 

[ip{f),w(t)] «25 2 «2* [(^©a)(/®l),n'©^(t)] 

= [y/ (/»!),«'] ~2 5l [^ (/©l),^o(l©z)] « Ml 0, 
thereby completing the proof. □ 

Remark 5.2. In the lemma above, for A in T, one can see that G C C(X) and (5 depend 
only on F C C(X) and e. For A in V , G C G(X) and 5 depend only on F C C(X), e 
and the cardinality of extremal tracial states on A. 

The following is a generalization of [191 Corollary 8.4]. 

Theorem 5.3. Let X be a path connected compact metrizable space and let A G 7~U T' . 
Let ip : C(X) A be a unital monomorphism. For any finite subset F C C(X) and e > 0, 
there exist a finite subset L C JC(C(X)), a finite subset G C C(X) and 6 > such that 
the following hold. If u G A is a unitary satisfying 

\\[<p(f),u}\\ < 6 V/GG and Bot%, u)(x) = Vx G L, 

f/ien i/iere exists a path of unitaries w : [0,1] — ?■ ^4 suc/i 

w(0)=u, u>(l) = 1, Lip(w) < 2ir + e 

and 

\\[if(f),w(t)]\\<e V/GF, t€ [0,1]. 
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Proof. Let p : C([— 1, 1]) — > C be the point evaluation at 1 G [— 1, 1] and let q : C(T) — )• 
C([— 1, 1]) be the unital monomorphism defined by q(f)(t) = /(exp(7T\/— It)). 

By Lemma El ° iSX(id®p) belongs to KL(C(X x [-1, 1]), A)+ i. Define 

r eT(C([-l,l]))by 

iX>{f) = \J f{t)dn{t), 

where is the Lebesgue measure on M. Let A : T{C{X)) —> T(C(X x [—1, 1])) be the affine 
continuous map defined by A(r) = r(g)To. By applying Theorem l2.6l to KL(tp) oKL(id ®p) 
and A o T(ip), we get a unital monomorphism a : C(X x [—1, 1]) — >■ A such that KL(a) = 
KL{ip)oKL(\d®p) and T(<r) = AoT(</?). Then <t' = <ro(id(8)g) is a unital monomorphism 
from C(X x T) to A such that 

KL(a') = KL(ao (id®q)) = KL(tp) o KL (id <g> (p o q)) 

and T(a') = T(id (g)g) o A o T(<p). Under the canonical isomorphism 

K(C(X x T)) K(C (X x (T \ {-1}))), 

KL{a') G Hom A (K(C(X x T)),if (A)) corresponds to KL(ip) 0. It is also easy to see 
that T(o')(t) = (to(p)®t' for any r G T(A), where G T(C(T)) is the tracial state 
corresponding to the Haar measure on T. From the construction, there exists a path of 
unitaries w\ : [0, 1] — > A such that 

ioi (0) = 1, wi(l) =ct / (1<8)z), Lip(>i) = 7r 

and [cr'(/ ® l),u>i(t)] = for any / G C(X) and t G [0, 1]. 

By applying Theorem O to <r' : C(X x T) -> A, {/ ® 1 | / G F} U {1 <g> z} and 
e/4, we obtain a finite subset L C JC(C(X x T)), a finite subset G\ C C(Jf x T) and 
8\ > 0. Choose a sufficiently large finite subset Lq C /C(C(X)), a sufficiently large finite 
subset G2 C C(X) and a sufficiently small real number 52 > 0- By applying Lemma l5.1l to 
G 2 C C(X), Gi C C(X x T) and <5 2 > 0, we obtain a finite subset G C C(AT) and 5 > 0. 

Suppose that we are given a unitary u £ A satisfying 

\\[ip(f),u]\\ <5 V/GG and Bott(</>, u)(x) = Vx G L . 

Let G N be a sufficiently large natural number. By Lemma 15.11 one can find a path of 
unitaries Wo : [0,1] — > A and a (G*i, ^-multiplicative ucp map tp : C(X x T) — > A such 
that 

||wo(0) — u\\ < S 2 , \\wq(1) - ip(l ® z)\\ < 5 2 , Lip(u) ) < 7r, 
||[^(/),^ (i)]||<5 2 , ||V(/®l)-y(/)||<<5 2 
hold for any f £ G2 and t G [0,1], and 

Ir(^(/®^))| <<y/n 

holds for any r G T(A), / G C(X) and j G Z with 1 < |j| < fc. Hence, if L C /C(C(X)) 
is large enough, G2 C C(X) is large enough and 82 > is small enough, then one can 
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conclude i(>#\L = o'AL. In addition, if k G N is chosen to be large enough, then we may 
assume 

\r(rP(f)) - r(a'(f))\ < 8 X Vr G T(A), f G G x . 
It follows from Theorem 14.71 that there exists a unitary v G A such that 

\\vo / (l<g>z)v*-il)(l®z)\\<e/4, \\va'(f®l)v*-i/}(f®l)\\ < e/4 V/eF. 

We define w : [0, 1] — > U(A) by u;(i) = w (t)vwi(t)*v* . Clearly one has Lvp(w) < 2ir, 

\\w(Q) - u\\ < 8 2 , \\w(l) - 1|| < 8 2 + e/4 

and 

\\W)Mt)}\\ <35 2 + e/2 V/GF, ie [0,1]. 
It is easy to perturb the path w : [0, 1] — > A a little bit so that w(0) = u and w(l) = 1. □ 
The following is an easy generalization of the theorem above. 

Theorem 5.4. Let C be a unital C* -algebra of the form ©!L 1 Pi-Mfc i (C(Xi))pj, where Xi is 
a path connected compact metrizable space and p, is a non-zero projection of Mf c .(C(Xi)). 
Let A £ TUT 7 . £e£ 93 : C — )• A be a unital monomorphism. For any finite subset F C C 
and e > 0, there exist a finite subset L C K,(C), a finite subset G C C and 5 > suc/i f/iaf 
the following hold. If u £ A is a unitary satisfying 

|| [(p(J), u] || < 8 V/eG and Bot%, u)(x) = Vx G L, 

then there exists a path of unitaries w : [0, 1] — > A such that 

w(0)=u, w(l) = l, Lip(w) < 2ir + e 

and 

\Mf),w(t)]\\<e V/GF, « e [0,1]. 

Proof. We can prove this in a similar fashion to [19^ Lemma 17.5] by using the theorem 
above. We omit the detail. It is worth noting that if A is in TUT' and e G A is a non-zero 
projection, then eAe is also in 7~U T' ■ See also the proof of Corollary 14.91 □ 

Remark 5.5. In the theorems above, if the target algebra A satisfies A = A®Q (i.e. A is 
Q-stable), then Ki{A; Z n ) = for any i = 0, 1 and n > 1 because -fQ(vl) is torsion free and 
divisible. Therefore the entire K-group K(A) is canonically isomorphic to i^o(^4)©^i(^4)- 
Consequently we may assume that the finite subset L C K,(C{X)) in the statement is 
actually a finite subset of P{C(X) ® K) U U 00 (C(X)). 

6 instable C*-algebras 

In this section we prove Theorem 16.61 and Corollary 16.81 When X is a finite CW complex, 
it is well-known that K*{C(X)) is finitely generated. 
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Lemma 6.1. Let C be a C* -algebra of the form p(C(X) <g> M^)p, where X is a finite CW 
complex and p G C(X) <%> is a projection. Let A G T U T' ■ Let L C U^C) be a 
finite subset which generates K\{C) and let if : C —> A be a unital monomorphism. For 
any finite subset F C C and e > 0, there exists 5 > such that the following holds. If 
£ : K%(C) — > Kq(A) satisfies \\Da(£([w]))\\ < 5 for any w G L, then there exists a unitary 
u G A such that 



for every w G L. 

Proof. When A is in 7~, this lemma is contained in |18|. Lemma 6.11]. Assume A £ 7~' ■ 
By Theorem 12.51 there exist a unital simple AH algebra B with real rank zero and slow 
dimension growth and a unital homomorphism if) : B —> A such that K*(t/j) gives a graded 
ordered isomorphism. The tracial simplexes T(A) and T(B) are naturally isomorphic 
to the state spaces of Kq(A) and Kq(B), respectively. Hence T(ip) induces an affine 
isomorphism from T(A) to T(B). It follows from Corollary 12.91 that there exists a unital 
homomorphism ifQ : C — > B such that KL(ipo) = KL(ip)~ 1 o KL(ip) and T(ifo) = T(ip) o 
T(^) _1 . By Corollary 14. 9\ ip o ip and <p are approximately unitarily equivalent. As B is 
in T, we have already known that the lemma holds for y?o : C — > B. Therefore the lemma 
holds for ip o <p : C — > A, and hence for <p : C —> A. □ 

Remark 6.2. In the lemma above the finite subset L C t/oo(C) is allowed to be any 
finite subset which generates K\(C), though this point is not clearly mentioned in [181 
Lemma 6.11]. This readily follows from the fact that (if F is large enough and e is small 
enough, then) Bott(<£>, u) gives rise to a 'partial homomorphism' from K\{C) to Kq(A), as 
mentioned in Section 2.3. 

In what follows, we frequently omit '<8>id', '(8)1' and '(g) Tr' to simplify notation. For 
example, u®l£i0 M n is denoted by u. 

Lemma 6.3. Let C be a C* -algebra of the form p(C(X) M^p, where X is a finite 
CW complex and p G C(X) Mk is a projection. Let A G T U T' ■ Suppose that unital 
monomorphisms <p,ip : C A satisfy KL(ip) = KL(ip), T((p) = T(ip). Let L C Uoo(C) 
be a finite subset which generates K\(C). For any finite subset F C C and e > 0, there 
exists 5 > such that the following holds. If rj : K\{C) —> AS(T(A)) is a homomorphism 
satisfying 



\Mf),u]\\<e 



for every f G F and 



Bott{tp,u)(w) = 



rj(x)+lmD A = e^(x) Mx G K\{C) 



and 



h{[w])\\ <6 V^GL, 
then there exists a unitary u G A such that 



y(f)-mP(f)u* 



<e V/GF 



and 



1 



T(log((p(w)*uip(w)u*)) = 7]({w])(t) Vt G T(A), w£ L. 
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Proof. Applying Lemma 16.11 to ip, F and e/2, we obtain 5 > 0. Suppose that rj G 
Hom(i<:i(C),Aff(r(^))) satisfies 

?? (x) + Im^ = 6^(x) Vx G Ki(C) 

and 

IWM)|| < <V 2 VwGL. 

Choose a large finite subset Fq C C and a small real number eq > 0. By virtue of Corollary 
14.91 there exists a unitary u\ G A such that 

IM/)-«iV(/KI| < min{e ,e/2} V/ G F U F. 
Put ^' = Adni o tp. For each ui G £/oo(C) satisfying ||</?(n>) — ip'(w)\\ < 2, the function 

gives an element of Aff(T(A)). By [114 Lemma 1], we can see the following (see also the 
proof of Lemma 13.11) . 

• If wi,w 2 G Uoo{C) satisfy \\<p{wi) - ip'(wi)\\ + \\<p(w 2 ) - ip'{w 2 )\\ < 2, then z WlW2 = 

• If w : [0, 1] — > U(C <g) M n ) is a path of unitaries satisfying \\ip(w(t)) - ip'(w(t))\\ < 2, 
then z^o) = 

Therefore, if Fq is large enough and Eq is small enough, then there exists a homomorphism 
C : Fi(C) -> Aff(T(A)) such that 

C(H)(r) = ^(r) = _J_ T (log(^HVW)) Vr G T(A), w G L. 
Z7ry — 1 

Clearly we may further assume that <p(w) and ui^(io)tiJ are close enough to imply 
IIC([H)II < <V 2 fo r every w £ L. We also have — C(M) 6 ImD^ by Lemma 

IO (2). Hence there exists f G Hom(F/i(C), Xb(A)) such that D A (£(z)) = r)(x) - ((x) for 
any x G -Ki(C) and £(x) = for any x G Tor(F"i(C)). Moreover one has ||^a(^(M))|| < 
5/2 + 5/2 = 5. It follows from Lemma 16. II that there exists a unitary u 2 G A such that 

\Mf),u 2 ]\\<e/2 V/GF 

and 

Bottty, u 2 )(w) = C(H) G L. 
Set u = U\u 2 . It is straightforward to check that 

||^(/)-«V(/KII <e 
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holds for any / G F. Besides, for any r G T(A) and w G L, 
T(log((p(w)*uij:(w)u*)) = T(log((p(w)* UiU2lp(w)lt2Ul)) 

= T(log(ip(w)*Ul1p(w)ul)) + T(log(^(w)*U24>(w)u2)) 

= 2tt (C( [w] ) (t) + D A (Bott , u 2 ) H ) (r ) ) 
= 2vr^T(C(H)(r) + D a (£([w]))(t)) 
= 27rV z Tr/(H)(r), 

where we have used [IS. Theorem 3.6]. □ 

The following lemma is an easy exercise and we leave it to the reader. 

Lemma 6.4. Let L be a finitely generated abelian group and let M be an abelian group. 
Let Nq and N± be subgroups of Q and let N C Q be the subgroup generated by Nq,N±. 
Then for any £ G Hom(L, M ® iV), i/iere exist £j G Hom(L, M ® TV,-) suc/i that £ = £1 — £o- 

For each infinite supernatural number p we let M p denote the UHF algebra of type p. 
Let p, q be relatively prime infinite supernatural numbers such that M p ® M q = Q. As in 
[32], define a C*-algebra Z by 

Z = {f £ C([0, 1], Mp ® M q ) I /(0) G M p ® C, f(l) G C ® M,}. 

The following proposition is the main part of the proof of Theorem 16.61 

Proposition 6.5. Let X be a connected finite CW complex and let A G CUC' . Suppose 
that two unital monomorphisms (p,ip : C{X) —¥ A satisfy KL{ip) = KL(ifj), T{ip) = T{ip) 
and Im0 C ImD^. Then for any finite subset F C C(X) and e > 0, there exists a 
unitary u G A® Z such that 

||p(/)®l-«M/)®l)ul <e 

holds for any f G F. 

Proof. We write Q = M p ® M q , 5 = M p ® C and B 1 = C ® M q . By RemarkESJ A ® Q, 
j4 ® i? and A ® £i are in 7" U 7"'. Set <p(f) = <p(f) ® 1 and ^(/) = ® 1. We regard 
</? and ^ as homomorphisms from C(X) into A ® Q or A® Bj. We identify T(^4 ® Q), 
T{A ® 5y) with T(j4). In the same way as Lemma 16.31 to simplify notation, for u G A we 
denote u ® 1 G A ® M n by u. Similarly, for r G T(.A), r ® Tr on A ® M n is written by r 
for short. 

Applying Theorem 15.31 to ip : C{X) — ^ A Q, F and e/2, we obtain a finite subset 
L C /C(C(X)), a finite subset G\ C C(X) and <5i > 0. By Remark 15,5} we may and do 
assume that L is written as L = Lq U L\, where Lq is a finite subset of P(C(X) ® K) and 
Li is a finite subset of L r 00 (C(X)). We may further assume that L\ generates K\(C{X)). 
Since Ki(C(X)) is finitely generated, one can find a finite subset G2 C C(X) and e>2 > 
such that the following holds: For any unitary 10 G ^4®Q satisfying || [t/j(f),w] \\ < 82 for any 
/ G G 2 , there exist & G Rom(Ki(C(X)), K X -i{A ® Q)) such that &([s]) = Bott(^,to)(s) 
for any s G Lj and i = 0, 1 ([El Section 2]). We may assume that G2 contains FUG\ and 
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that 5 2 is less than minje/2, Si/2}. By applying Lemma 1531 to (p,^ : C(X) — > A (g> Sj, 
G2 C C(X) and <5 2 /2, we get <5 3j - > for each j = 0,1. 

Since K\(C(X)) is finitely generated and the homomorphism factors through 

K 1 (C(X) )/ Tor (Vi (C(X) )) by LemmaO (4) , there exists 77 G Horn (C(X) ) , Aff (T(A) ) ) 
such that 

r)(x) +lmD A = @^{x) Vx G tfi(C(X)). 

Moreover, we may assume < mm {<53,(b ^3,1} for all w £ L\ because ImB^ is 

contained in the closure of Im Da- It follows from Lemma 16.31 that there exists a unitary 
Uj G A (g) Bj such that 

Mf)-u^{f)u*\\ < 6 2 /2 V/eG 2 

and 

1 

=r(log(<^(u;)%V^K)) = r?(N)( r ) Vr G T(A (8) Bj), w G Li. 



2vrV-l 

In particular one has ||[^(/),u^Uo]|| < 5 2 for / G G 2 . From the choice of G 2 and 5 2 , we 

can find & G Hom(JQ((7(X)), 8) Q)) such that = Bott(^,«Jw )(s) holds for 
any s G Lj and i = 0, 1. By [181 Theorem 3.6], 



£>Wa(M))(T) = ^ Q(Bott(^,^«o)H)(r) 

=r(log(n 1 n ^(-w)noui^(tt;)*)) 



27TV-1 

= (T"(log(^(w)*u VX^)^o)) ~ r(log((p(w)*ui$(w)u*))) 



2ir 

ri([w])(r)- V ([ W ])(r) = 



for any r G T(^4 <8> Q). Thus Im^i is contained in Ker Da®q- By Lemma 16.41 we can find 
£ij : Ki(C(X)) — > Kev Da^Bj such that £1 = £1,1 — £1^, where ~KerD A ®c is naturally 
identified with (Ker Da) <8> Kq(C) for C = Q,Bq,B±. In the same way, one obtains 
foj : ^o(C(*)) -> K X {A <g> B,-) such that £ = £0,1 - £o,o- 
We consider the following exact sequence of C*-algebras: 

► C (X x (T \ {-!})) — C(X x T) — C(X) ► 0, 



where 7r is the evaluation at —1 G T. We write S = Co(T \ { — 1}) for short. Let p : 
C(X) —t- C(X x T) be the homomorphism defined by p(f) = f ® 1. Then 7r o /> is the 
identity on C(X). This split exact sequence induces the isomorphism 

(a, b) i-> KL(p)(a) + KL{i){b) 

from £(C(JT)) K{C(X) <8> 5) to Jf(C(X x T)). Let w 4 : *Q(C(X) ® 5) -> ifi_i(C(X)) 
be the canonical isomorphism for each i = 0,1. For each j = 0, 1, choose Kj G KL(C(X) (g) 
5, >1 <g> Sj) such that = (*>i- Define kj G KL(C(X xT),A® Bj) by 

o KL{p) = KL(ip) and re^ o KL{l) = Kj. 

Clearly Kq[Rj) is unital. Also, Ko(Rj)oKo(p) = Kq(^) is (strictly) positive and the image 
of 

K (kj) o K (l) = K (Kj) = Ci,j ^0 
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is contained in Ker ■■ It follows from Lemma [2.41 that ifo(%) is unital and (strictly) 

positive. Thus, kj is in "kL(C(X xT),A® Bj) +tl . Let r G T(C(T)) be the tracial 
state corresponding to the Haar measure on T and define the affine continuous map A : 
T(A ® Bj) -> T(C(X x T)) by A(r) = T($)(t) ® r . Thanks to TheoremELH there exists 
a unital monomorphism o~j : C{X x T) A ® fij such that KL(o~j) = kj and T(aj) = A. 
Since KL(o~j op) = KL(i/j) and T{o~j op) = T(tp), ip and Uj o p are approximately unitarily 
equivalent by Theorem 14.81 Hence there exists a unitary Vj G A <g> Bj such that 

<S 2 /2 V/eG 2 

and 

Bott(^)( S ) = (tfi-ifo) oifi_i(t) ow 1 -_ 1 i )([s]) 

= (x 1 _ i ( Ki )°^r_ 1 i )(H) 
= te,i°wi-i o ^r-i)([ s ]) 

for any s G L.; and z = 0, 1. 
It is easy to see that 

\Mf) - UjV^ify^W < 5 2 /2 + 5 2 /2 = 5 2 

holds for any / G G 2 . In particular one has 

||[^(/),^«;«o«o]|| <2<fe<5i V/£G 2 . 

Besides, when G 2 is sufficiently large and 5 2 is sufficiently small, we get 

Bott(^,«*«i«o«o)([a]) = Bott(^,ui)([fl]) + Bott(^,i^«o)([fl]) + Bott(^,uo)([fl]) 

= -WW) + 6(H) + WW) = d 

for any s G Lj and i = 0, 1, where we have used [HJ (e2.6)]. Therefore, by Theorem 15.31 
we can find a path of unitaries w : [0, 1] — > A <g) Q such that w(0) = ViU*UqVo, w(1) = 1 
and 

\Mf),w(t)}\\ <e/2 V/GF, i€ [0,1]. 
Define a unitary £7 G Z by £7(i) = uit>iu>(i). It is easy to see that 

\\<p(f) ® 1 - UiS>{f) ® 1)17*11 < e/2 + o" 2 < £ 

holds for any f £ F. □ 

Theorem 6.6. £e£ I fc a compact metrizable space and let A G CUC'. For unital 
monomorphisms ip : ip : C(X) — )■ A, i/ie following two conditions are equivalent. 

(1) tp and if) are approximately unitarily equivalent. 

(2) KL(tp) = KL{ip), t o if = t o tp for any r G T(A) and ImO„ : ^, C IiuDa- 
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Proof. It is straightforward to check that (1) implies (2). Indeed, KL{p) = KL(ip) and 
T{p) = T(ip) are clear. By Lemma 13,14 ImB^ C Im. Da also follows. 

We would like to show the other implication. We first consider the case that X is a 
connected finite CW complex. Let ippxp : C(X) — > A be unital monomorphisms satisfying 
KL{p) = KL{ip), T((p) = T{ip) and ImG^ C ImD^- We may replace the target 
algebra A with A <g> Z, because A is ^-absorbing. Since Z is strongly self- absorbing 
( [34J ) , there exists an approximately inner endomorphism ix : A® Z — > A® Z such that 
tt(A (g) Z) = A (g) C. Hence p and tt o p (resp. ip and tt o ip) are approximately unitarily 
equivalent. By [32|. Proposition 3.3], the C*-algebra Z embeds unitally into Z. It follows 
from Proposition 16. 51 that it op and iroip are approximately unitarily equivalent. Therefore 
p and ip are approximately unitarily equivalent. 

A general finite CW complex is a finite union of pairwise disjoint connected finite CW 
complexes. Since A has cancellation by |3H Theorem 6.7] and eAe is in C U C for any 
non-zero projection e 6 A, the conclusion follows from the previous case. 

Let X be a compact metrizable space. Let {/i, /2, . . . , f n } be a finite subset of C(X) 
and let e > 0. By |23|. Lemma 1], there exist a finite CW complex (actually a finite 
simplicial complex) Y, a finite subset {gi,g2, ■ ■ ■ , ffn} of C(Y) and a unital monomorphism 
<t : C(Y) -»■ C(X) such that ||/i-<r(gj)|| < e/3 for any t = 1, 2, . . . , n. Clearly KL(<po a) = 
KL(ip o a), T(ip o a) = T(tp o a) and ImO^^u is contained in the closure of Im Da- It 
follows from the argument above that <poa and ipoa are approximately unitarily equivalent. 
Hence there exists a unitary u £ A such that \\ip{a{gi))—uip{a{gi))u*\\ < e/3, which implies 
ll^C/i) — u 4>(fi) u *\\ < £ - Thus, ip and ip are approximately unitarily equivalent. □ 

Remark 6.7. In the theorem above, if A has real rank zero, then the image of Da is 
dense in AS(T(A)). Hence the condition Im 0^ C Im Da is trivially satisfied. 

Corollary 6.8. Let C be a unital AH algebra and let A G C U C . For unital monomor- 
phisms (p,tp : C —> A, the following two conditions are equivalent. 

(1) <p and ip are approximately unitarily equivalent. 

(2) KL(p) = KL{ip), t o <p = t o ip for any r G T(A) and Im@ v ^ C IiuDa- 

Proof. We can prove this in the same way as Corollary 14.91 □ 

7 Homomorphisms between simple instable C*-algebras 

In this section we prove Theorem 17.11 The main idea is almost the same as Proposition 
16.51 and Theorem 16.61 The proof is, however, somewhat lengthy because we must work 
with finitely generated subgroups of if*(C) so as to use Lemma [631 

Theorem 7.1. Let C be a nuclear C* -algebra in C satisfying the UCT and let A € CUC'. 

For any unital homomorphisms p, ip : C — > A, the following are equivalent. 

(1) p and ip are approximately unitarily equivalent. 

(2) KL(p) = KL(ip) and ImG^ C ImD A . 



27 



Proof. The implication (1)=>(2) is trivial. We would like to show the other implication. 
Note that KL(ip) = KL(ip) implies T{ip) = T(tp), because projections of G separate traces. 
Since Z is strongly self-absorbing ([31]) and G (resp. A) is Z-stable by assumption, there 
exists an isomorphisms ttq ■ C — > C ® Z (resp. txa '■ A — > A (8 Z) which is approximately 
unitarily equivalent to the unital monomorphism c h-> c(g)l. It is not so hard to see that any 
unital homomorphism ip : C — > A is approximately unitarily equivalent to 7r7 o(<£>®id)o7rc?. 
Hence, for given homomorphisms if, if) satisfying KL(if) = KL{ip) and Im 6^^ C 1m Da, 
it suffices to show that if ®\& : C ® Z — > A® Z is approximately unitarily equivalent to 
tp ®id : C ® Z ^ A® Z. 

Suppose that we are given a finite subset F <Z C ® Z and e > 0. We would like to 
show if (8 id ~_f,£ i\> <8 id. Without loss of generality, we may assume that F is contained 
in G<8 C. 

Let Z,B ,B 1: Q be as in Proposition [631 We identify T(A®Q), T(A®Bj) with T(A). 
Put <p = if (8 id, *0 = ip (8 id. As in the proof of Proposition 16.51 we omit '®C, and 
'<8) Tr' to simplify notation. 

By the classification theorem in [16J, G (8 Q is a unital simple AT algebra with real 
rank zero. Thus, G (8 Q can be written as an inductive limit of C*-algebras of the form 
©?=i M h{C(J)). % using Theorem E31 to C®Q->A®Q, F and e/2, we obtain 
a finite subset L C /C(C (8 Q), a finite subset Gi C C (8 Q an d <5i > 0. By Remark 15.51 
we may and do assume that L is written as -L = Lq U Li, where Lq is a finite subset of 
P(C (8 Q <8 K) and Li is a finite subset of Uoo(C (8 Q). We may further assume that Lq 
and Li are finite subsets of P(C <8 K) and Uoo(C) respectively, because Bott gives rise to 
a 'partial homomorphism' (see Section 2.3). Let Hi C Ki{C) be the subgroup generated 
by Lj. Since Hi is finitely generated, one can find a finite subset G*2 C C (8 Q and 52 > 
such that the following holds: For any unitary W £ A ® Q satisfying ||[?/>(c),m;][| < 82 
for any c G C?2, there exist & S Hom(iIj, -fiTi_j(A (8 Q)) such that Ct([ s ]) = Bott^, w)(s) 
for any s £ Li and i = 0, 1 ( [THj, Section 2]). We may assume that G2 contains G\ and 
that 82 is less than 8\. As C (8 Q is generated by C, i?o and Si, one may choose finite 
subsets G3 C C, G^fi C -Bo, G^^i C i?i and £3 > so that if a unitary w £ A®Q satisfies 
||[V>(c),ui]|| < £3 for every c£ G3U G^o U G^^i, then || [V>(c), w]\\ < 82 holds for all c E G2. 
We assume that G3 contains F and that £3 is less than e. For each j = 0,1, by the 
classification theorem in |16j . C (8 Bj is a unital simple AH algebra with real rank zero 
and slow dimension growth, and so one can find a unital subalgebra Cj C C (8 Bj such 
that the following hold. 

• Cj is a finite direct sum of C*-algebras of the form p(C(X) (8 Mk)p, where A is a 
connected finite CW complex (with dimension at most three) and p G C(X) <8 

is a projection. 

• There exists a finite subset G 3 • C Cj such that any elements of G3 U G3 j are within 
distance 83/ 12 of G 3 ■. 

• There exist finite subsets L' Q ■ G P(Gj®K) and L' x ^ C U^Cj) such that any elements 
of Lj are within distance 1/2 of for each i = 0, 1. Let Lj 9 s h-> s'- G L^ be a 
map such that \\s — s'j\\ < 1/2. We further require that L^j generates K\(Cj). 

Let 7j : Cj — > C (8 Bj denote the embedding map. For each i = 0,1, we choose a 
finitely generated subgroup H[ C Lfj(G) so that Hi is contained in H[ and ImLTj(7j) is 
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contained in H[ <g) Ki(Bj) for each j = 0, 1. Applying Lemma HT31 to (p o 7^ : Gj — > A ® Bj, 
?/> o 7j : — >■ A (8) Sj, G 3 ^ and ($3/12, we get > for each j = 0, 1. 

As in the proof of Proposition 16.5} we can find a homomorphism 77 : H[ — > Aff(T(A)) 
such that 

r](x) +ImD A = Q v rf (x) Vx G F( 

and 

ll»7i([7iH])|| < S 4 ,j Vw G Lij, j = 0, 1, 

where rjj £ Hom(iJ{ <S> Ko(Bj), AS (T(A))) denotes the homomorphism induced from r\. It 
follows from Lemma 16.31 that there exists a unitary Uj £ A® Bj such that 



and 

1 



\<p(c) - u^{c)u*\\ < 63/I2 Vc G G' 3 _ 



T(log($(wy Uj i>(w) U *)) = Vj(hjH])(r) Vr G T(A Bj), w G L' 



By choosing G' 3 • large enough in advance, we may also assume that ||<^(w) — Uj^(w)u* || is 
less than 1/2 for every it) G From the choice of G 3j -, we obtain \\<p(c) — Ujtp(c)u*\\ < 
(53/4 for all c G G3 U G3J. If c is in G^i-j, then Uj £ A® Bj commutes with $>(c) G B\-j, 
and so </?(c) = -0(c) = Uj^(c)Uj. Therefore 

||[^(c),uJuo]|| < <W2 VcG G 3 UG3,oUG 3 ,i. 
From the choice of G3, G 3) o, G 3t i and 5 3 , one has 

~(c),u*u ]\\ <S 2 Vc G G 2 . 
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Then, from the choice of G2 and we can find £j G Hom(.ffj, ifi_j(^4 (8) Q)) such that 
= ~Bott(ip,uluo)(s) holds for any s G Lj and i = 0, 1. By |T8l Theorem 3.6], 

^W6(M))(t) = D A ® Q {Bott{ij,ulu )(w))(T) 

=r(log(u*'uo'0(w)ito«i'0(^)*)) 

(r(log(^(w)*u V'(^)wo)) - r(log(£(w)*ui^(w)u*))) 
Hlog(^K,)*uo^K)K)) - T ( lo g(^(^)*«i^(™iX))) 



2ttV-1 

= UH])(r) - m(H\)(r) 
= j?o(M)( r ) -m(H)( r ) 

= »/(M)(r)-T/(H)(r) = 

for any w £ L\ and r G T(^4 Q). Thus Im£i is contained in KerD^g. Since 
KerD^g = (KerD^) <g> Q is divisible, £1 extends to a homomorphism £1 : H[ — > 
Ker Da®q- Likewise £0 extends to a homomorphism £0 : H' — >• K\{A® Q) = K\{A) ® Q. 
By Lemma |6.4| we can find £ij : H[ — > ~Kex Da®Ba such that £1 = — £1^. We 
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let £x,j : H[ (g) Kq(Bj) — > Ker Da®b denote the homomorphism induced from In 
the same way, one obtains £o,j : -f^o — ^ ® Bj) such that £o = £o,l — £o,o- We let 

£ ,j : ® Ko(Bj) — > K\(A <g> Sj) denote the homomorphism induced from £ ,j- 

In the same way as in the proof of Proposition 16.51 for each j = 0, 1, we consider the 
following exact sequence of C*-algebras: 

► C,-®Co(T\{-l}) — Cj®C(T) — c,- ► 0, 

where 7Tj is the evaluation at —1 E T. We write S = Cq(T \ {—1}) for short. Let 
Pj : Cj — > Cj (8> C (T) be the homomorphism defined by pj (c) = c (8) 1. Then 7Tj o pj is the 
identity on Cj. This split exact sequence induces the isomorphism 

(a, b) KL( Pj )(a) + KL(Lj)(b) 

from JTCCj- 5) to K(Cj ® C(T)). Let w y : i<Q(Cj ® 5) -»■ K^Cj) be the 

canonical isomorphism for each i, j = 0, 1. For each j = 0, 1, choose «j E KL{Cj ® S,A® 
Bj) so that 

= ° K l-i{lj) Vi = 0, 1. 

Notice that the composition of and Ki_j( 7 j) is well-defined, because Imi£i_i( 7 j) is 

contained in E' x _ { ® K (Bj). Define k 3 - E lf£(C, (g> C(T), A ® Sj) by 

o KL(pj) = KL(ip o 7j) and o KL(ij) = Kj. 

Clearly Ko(kj) is unital. Also for any x E Ko(Cj <g> C(T)) + \ {0}, one has Ko(nj)(x) E 
-K"o(Cj) + \ {0}, and so t{Kq{^) o 7 j o 7Tj)(x)) > for every r E T(A® Bj). Since the image 
of is contained in the kernel of Da®Bj, we obtain 

T(K (Rj)(x)) = t(K (iP o 7j o irj)(x)) > 0, 

which entails Ko(Kj)(x) E Kq(A (g> Bj) + \ {0}. It thus follows that KoiRj) is unital and 
strictly positive, and hence Kj is in KL(Cj <g> C(T),A ® l?j) +j i. Let tq E T(C(T)) be the 
tracial state corresponding to the Haar measure on T and define the affine continuous map 
Xj : T(A (g> Bj) —> T{Cj ® C(T)) by Aj(r) = T(ifi o 7j)(t) (g) To. For each minimal central 
projection p 1 E Cj g> C(T) and r E T(^4 <8) Bj), it is easy to verify 

r(K (Rj)(\p 1])) = r(K (i; o 7i )([7r i (p 1)])) = r$( 7i (p))) = A,(r)(p 8) 1). 

Hence the hypotheses of Corollary 12.91 are satisfied. Thanks to Corollary I2.9( there exists 
a unital monomorphism Uj : Cj(gC(T) — > A®Bj such that KL(oj) = kj and T(aj) = Xj. 
Since KL{<jj o pj) = KL(ip o 7 j) and T{pj o pj) = T(^S o 7 j), Corollary 14.91 implies that 
xj) o 7j and Oj o pj are approximately unitarily equivalent. Hence there exists a unitary 
E A <g> i?j such that 

lP(7i(c)),^-]|| < V12 VcGG' 3j 

and 

Bott(^ o jj, V j)(s) = (Ki-i(<Tj) o Ki-i(ij) o wfijjOCfs]) 
= (^ 1 _,(^)o W r_ 1 M .)(H) 
= &ij ^i(7i) wi-ij o wi"i i(J -)([s]) 
= fij([7jW]) 
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for any s G L\ ■ and i = 0, 1. As before, 

||[^(c),^]|| <S 3 /4 

holds for any c £ G3U U G^i. By choosing G' 3 j large enough and ^3 small enough in 
advance, we have Bott("i/>, Vj)(s) = Bott(V> lj-, v j){ s 'j) f° r anv s£l; and i = 0, 1. 
It is easy to see that 

||^(c) - Ujiy^(c)i£uJ|| < <5 3 /4 + 5 3 /4 = 5 3 /2 

holds for any cG G3U G^o U G 3i i. In particular one has 

\\[^(c),vlulu vo]\\ <5 3 Vc € G 3 U G 3)0 U G 3jl , 

and hence 

\\[ip(c),vluluoVo}\\<S 2 <5 1 VcGGi, 

because G\ is contained in G^- Besides, when G3 is sufficiently large and £3 is sufficiently 
small, we get 

Bott(^,t7l«Itio«o)([s]) = Bott(iMJ)([s]) + Bott(^, <u )([s]) + Bott(^,uo)([s]) 

= -4i([4]) + ^(W)+4o([4]) 

= -y»])+^p+y»])=o 

for any s £ Li and i = 0, 1, where we have used |18t (e2.6)]. Therefore, by Theorem 15.41 
we can find a path of unitaries w : [0, 1] — > A ® Q such that u;(0) = v*n^oUo 5 = 1 
and 

||[^(c),to(t)]|| <e/2 VcGF, t€ [0,1]. 
Define a unitary [/ £ Z by U(t) = uiv\w{t). It is easy to see that 

\\<p(c) ® 1 - C/(^(c) (8) 1)U*\\ < e/2 + 5 3 /2 < e 

holds for any c S F. □ 

Remark 7.2. In the theorem above, if A has real rank zero, then the image of Da is 
dense in Aff(T(A)). Hence the condition Im6^ C ImD^ is trivially satisfied. 
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